We study the nearest-neighbor distributions of the k-body embedded ensembles of random matrices for n bosons distributed over two-degenerate single-particle states. This ensemble, as a function of k, displays a transition from harmonic oscillator behavior (k = 1) to random matrix type behavior (k = n). We show that a large and robust quasi-degeneracy is present for a wide interval of values of k when the ensemble is time-reversal invariant. These quasi-degenerate levels are Shnirelman doublets which appear due to the integrability and time-reversal invariance of the underlying classical systems. We present results related to the frequency in the spectrum of these degenerate levels in terms of k, and discuss the statistical properties of the splittings of these doublets.
I. INTRODUCTION
The theoretical and experimental understanding of interacting many-body quantum systems has undergone considerable development in recent years. First, random matrix theory (RMT) has been quite successful in describing the statistical properties of the fluctuations of the spectra of complex quantum systems, which include many-body interacting systems. Examples range from nuclear physics to disordered systems, including elastomechanical vibrations and quantum analog systems to classical chaotic billiards (see [1] for a detailed review). While this modeling has been quite successful, RMT is not a realistic theory since it assumes many-body forces between the constituents. More realistic stochastic model considering k body interactions are the embedded ensembles, initially introduced by Mon and French [2] . This model can be defined for fermions and bosons [3] , and may be viewed as the generic models for stochasticity in many-body systems.
Second, ultra-cold bosonic gases confined in optical lattices have become quite important due to the relatively simplicity to handle these systems experimentally [4] . In particular, Bose-Einstein condensates (BECs) in a double-well potential is a common object of study [5] . This system exhibits a great variety of interesting quantum phenomena, such as interference [6] , tunneling and self-trapping [7, 8] , Josephson oscillations [9] , and entanglement [10] .
From the theoretical point of view, the two-level bosonic systems have been addressed using the mean field treatment of the Gross-Pitaevski equation [7, 11] , and the
Here,b † i andb i are creation and annihilation operators for a boson on the ith site (i = 1, 2) and n i =b † ib i is the total number of bosons on that level, δ is the energy difference of one-boson energies among the two sites, U is the onsite two-body interaction strength, and J is the hoping or tunneling parameter. The two-mode approximation in Eq. (1) is valid as long as the interaction energy U is much smaller than the level spacing of the external trap [7] .
The experimental observation of macroscopic tunneling of bosons in a double well when the initial difference of population is below a critical value [8] , predicted in Ref. [7] , can be understood from the spectral properties of Eq. (1) . For the simpler case δ = 0, the spectrum consists of a lower region of nearly equidistant levels and an upper one displaying nearly degenerate doublets. The latter are actually responsible for the suppression of tunneling; it has also been shown that coherences among nearby doublets yield oscillations with very small amplitude [14] . Taking the semiclassical limit, the system has a phase space representation similar to a pendulum, with the almost equidistant levels being associated with the libration zone and the nearly degenerate levels with the rotation zones.
In this paper, we study the statistical properties of the spectrum of n bosons distributed on two levels coupled through random k-body interactions. Thus, we merge the successful stochastic modeling of RMT with systems of the form of Eq. (1) . This ensemble is actually a generalization of the Bose-Hubbard type of Hamiltonians, in particular with respect to the range of the interaction k. Each member of the ensemble is Liouville integrable (independently of k) in the classical limit [15] . Yet, the spectral statistics of the ensemble correspond to a picket fence for k = 1, and follow RMT predictions for k = n [16] . These facts make the ensemble somewhat special: completely integrable systems are associated with Poisson statistics, which is known as the Berry-Tabor conjecture [17] . In addition, the spectral fluctuations of classically fully chaotic systems typically follow RMT predictions, which is known as the Bohigas-GiannoniSchmit (or quantum-chaos) conjecture [18] . We shall thus study the transition in the spectral statistics in terms of k, considering the nearest-neighbor distribution as well as the occurrence and statistics of tunneling splittings. We shall address this for the case when the ensemble is time-reversal invariant (β = 1) or when this symmetry is broken (β = 2). We find a systematic appearance of quasi-degeneracies on a large interval of k for the timereversal case, which points out the underlying integrability properties of the members of the ensemble due to a theorem by Shnirelman [19, 20] . Moreover, the number of such doublets as well as the statistics of the associated splittings display a dependence upon k. These results may be interesting for the understanding and modeling of three-body interactions in cold gases [21] .
The paper is organized as follows. In Sec. II, we present the k-body embedded ensembles of random matrices for two-level boson systems, and review some important properties of this ensemble. In Sec. III, we discuss the nearest-neighbor distribution of the ensembles in terms of the interaction parameter k for both cases of Dyson's parameter β. We obtain the systematic appearance of quasi-degenerate states in the spectrum linked to the β = 1 case, and address the dependence of their number with respect to k. In Sec. IV, we present the semiclassical limit of this ensemble and describe the structure of the corresponding phase space. Section V is devoted to the identification of the β = 1 quasi-degenerate states and present results on the statistical properties of their spacings. In Sec. VI, we present a summary of our results and the conclusions.
II. k-BODY INTERACTING TWO-LEVEL BOSON ENSEMBLE
We begin defining the most general k-body interaction of n spin-less bosons distributed in two single-particle levels which, for simplicity, are assumed to be degenerate [case δ = 0 in Eq. (1)]. The single-particle states are associated with the operatorsb † j andb j , with j = 1, 2, which, respectively, create or annihilate one boson on the singleparticle level j. These operators satisfy the usual commutation relations for bosons. The normalized n-boson states are specified by |µ
where
1/2 is a normalization constant and |0 is the vacuum state. The Hilbert-space dimension is N = n + 1. In second-quantized form, the most general HamiltonianĤ (β) k with k-body interactions can be written as [22] 
Physically,Ĥ (β) k in Eq. (2) corresponds to n bosons confined, e.g., in a double-well potential, coupled only through k-body interactions. Clearly, the degenerate Bose-Hubbard model Eq. (1) is a particular choice of the parameters for the combinationĤ (1) k=1 +Ĥ (1) k=2 . Stochasticity is built into the HamiltonianĤ r,s . These matrix elements are assumed to be Gaussian distributed independent random variables with zero mean and con-
, where the over line denotes ensemble average. As in the case of the canonical random matrix ensembles [1] , Dyson's parameter β distinguishes the symmetry properties with respect to time-reversal invariance: β = 1 corresponds to the case where time-reversal symmetry holds while the broken time-reversal case is denoted by β = 2. The k-body interaction matrix v
is thus a member of the Gaussian orthogonal ensemble (GOE) for β = 1 or Gaussian unitary ensemble (GUE) for β = 2. This defines completely the k-body embedded ensemble of random matrices for bosons distributed in l = 2 levels. Without loss of generality, in the following, we set v 0 = 1. The combinatorial factors N (k) r in Eq. (2) are actually introduced in order to have an exact identity of the embedded ensembles with the canonical ensembles of RMT when k = n [3, 22] . Indeed, the factors N (k) r cancel the square-root factors that appear by operating the k = n creation and annihilation operators onto the many-body states |µ (n) r . Then, the centrallimit theorem implies that the matrix elements become independent Gaussian distributed random variables; this is precisely the definition of the canonical ensembles of RMT. Consequently, for k = n, all spectral fluctuations correspond exactly to the predictions of RMT.
By construction, the number operatorn =b †
commutes with the HamiltonianĤ
for all values of the rank of the interaction k. The Hamiltonian is thus block diagonal in the occupation-number basis |µ (n) defined above. For a given value k, the number of independent random variables of the ensemble is K β (k) = β(k+1)(k+ 1 + δ β,1 )/2, which in general is smaller than the Hilbertspace dimension N = n + 1. Therefore, for k ≪ n, the matrix elements of the HamiltonianĤ (β) k are correlated, i.e., the number of independent matrix elements of the Hamiltonian is larger than the number of independent random variables. Moreover, some matrix elements are identically zero.
III. SPECTRAL STATISTICS IN TERMS OF k
The evaluation of statistical measures of the spectrum requires unfolding the spectra, which removes the nonuniversal system-dependent contributions. This can be done by performing the unfolding individually for each spectrum (spectral unfolding) or by a single transformation used for all members of the ensemble (ensemble unfolding). In the context of spectral fluctuations, ergodicity implies that the results are independent of the unfolding method.
In Ref. [22] , it was shown that the k-body embedded ensemble of random matrices for bosons is non ergodic in the dense limit. The dense limit is defined as the limit n → ∞ with k and the number of single-particle levels l fixed. This result was obtained analytically by considering the fluctuations of the centroids and variances of individual spectra, which do not vanish in the limit n → ∞ of infinite Hilbert-space dimension [22] . Therefore, in the dense limit, ensemble average and spectral average yield in general different results. The non-ergodic character of the ensemble in the dense limit is a consequence of the fact that each member of the ensemble is Liouville integrable in the classical limit [15] . In this case, spectral unfolding is the only physically meaningful rectification of the spectra. In the numerical results described below, we implemented it by fitting the staircase function of each member of the ensemble separately with a polynomial of maximum degree 8.
In Fig. 1 , we present the nearest-neighbor spacing distribution P k (s) for various values of k, for β = 1 and n = 2000. These results were obtained after averaging over 1000 realizations of the ensemble. More details can be observed in the accompanying movie [23] . In these figures, we have included for comparison the Poisson distribution and the Wigner surmise for the GOE [1] .
For k = 1, the system corresponds to two coupled harmonic oscillators. Consequently, after unfolding, we obtain the expected distribution for an equidistant spectrum, i.e., P k=1 (s) = δ(s−1) [ Fig. 1a ]. As seen in Fig. 1b , for k = 2, this distribution changes considerably. It displays a quite large peak at s = 0, a tail that decays somewhat slower than the Gaussian tail for larger values of s, and a broad peak around s = 1 reminiscent of the Dirac delta obtained for k = 1. The peak at s = 0 indicates the occurrence of quasi-degenerate energy levels and, as we shall demonstrate below, it is a consequence of the time-reversal symmetry (β = 1) of the ensemble. Increasing slowly the value of k enhances the level clustering at s = 0 and diminishes, shifts, and smoothes the peak at s = 1. This is illustrated for k = 10 in Fig. 1c , where we also note that the tail of the distribution approaches the exponential decay characteristic of the Poisson distribution. The local maximum observed at s ≈ 1 disappears smoothly by increasing the value of k, being unnoticeable already for k = 75 [23] .
By increasing the value of k, the distribution P k (s) evolves smoothly still displaying a strong degree of degeneracy at s = 0 [cf. Figs. 1d and 1e for k = 200 and k = 1000, respectively]. Eventually, around k = 1150, a new local maximum of the distribution is noticeable around s ≈ 0.3 [ Fig. 1f ], which moves toward larger values of s for larger values of k; this peak will become the single maximum of the GOE reached at k = n. From here on, except for the peak at s = 0, the distribution evolves toward the GOE results by increasing the value of k (see [23] ), similarly to the transition observed in the spectral properties of the system when the dynamics of its classical analog evolves from near integrable to fully chaotic. Interestingly, the peak at s = 0 is still observed for rather large values of k. Around k = 1850 [ Fig. 1g ] this peak disappears, i.e., level repulsion completely sets in. Beyond k = 1900, the distribution corresponds essentially to that of a GOE. We note that there is no value of k where P k (s) fully coincides with the Poisson distribution, although it does so for larger spacings (tail of the distribution) in an extended range of values of k. It is not clear to us how to explain such an exponential tail for intermediate values of k. At the moment, we believe that this fact may be related with a partial applicability of the original Berry-Tabor argument, which somehow can not be extended to all tori (see Ref.
[24] for some recent results discussing the generic aspects of the Berry-Tabor conjecture).
The remarkable property of the nearest-neighbor distributions described above is the appearance and robustness of the large peak found around s = 0. This peak is not only pointing out the lack of level repulsion, but actually indicating that a relevant part of the spectrum is degenerate or quasi-degenerate. This peak corresponds to the prediction of Shnirelman's theorem [19] , which essentially states that smooth-enough time-reversal invariant (β = 1) and integrable Hamiltonian of two degrees of freedom have an asymptotically multiple spectrum, i.e., quasi-degenerate levels (see also [20] ). Note that the assumptions of this theorem are fulfilled, since each member of the ensemble is Liouville integrable in the semiclassical limit [15] .
To completely prove that the peak is indeed Shnirelman's peak, it suffices to consider the nearestneighbor distribution P k (s) for an ensemble of HamiltoniansĤ
k with broken time-reversal invariance, i.e., β = 2. If time-reversal is important, the peak should disappear for β = 2. The results are illustrated in Fig. 2 for different values of k, considering n = 1000 bosons and 1000 realizations of the ensemble (see the corresponding movie [23] for more details). The figures show the transition from a picket fence spectrum (k = 1) to a GUE (k = n). In particular, they show the absence of the strong peak at s = 0 (Shnirelman's peak), even though as a function of k there is certain degree of level clustering, which are not quasi-degeneracies of the type discussed above. This is further illustrated in Fig. 3 , where we show the relative number of levels µ k corresponding to the first four bins of P k (s) as a function of k, both for β = 1 and β = 2. In this figure we have also included the average number of degenerate levels, which were identified using symmetric or antisymmetric combinations of the corresponding eigenfunctions (cf. Sect. V A). Figure 3 implies that, as a function of k, there are different statistical properties of the degenerate levels. This in turn suggests the use of the quasi-degenerate levels, i.e., the tunneling splittings, as a possible measure to test k-body interactions in such integrable systems.
IV. SEMICLASSICAL LIMIT AND THE CLASSICAL PHASE SPACE
A. Semiclassical limit
Following Refs. [16, 25] , we write an appropriate semiclassical limit for the algebraic HamiltonianĤ where φ r is an angle and I r is its canonically conjugated momentum. We emphasize the fact that considering the two-level case (l = 2) implies that the classical associated Hamiltonian has two degrees of freedom.
The
2 ) is a Hamiltonian that depends on the action variables only and is therefore integrable, and the perturbing term V k (β) (I 1 , I 2 , φ 1 , φ 2 ) carries all the dependence upon the angles. The first term is associated with all the diagonal contributions of H (β) k , while the second one corresponds to all off-diagonal contributions. These terms are explicitly given by [16] H 0
In Eqs. (4) and (5), P t (I, s) are polynomials of degree t on the variable I defined as
with s a numerical coefficient satisfying s ≥ t ≥ 0. We notice that the time-reversal symmetry properties of the ensemble are reflected in the matrix elements v is therefore a general polynomial of degree k on the product of the actions with random coefficients, modulated by cosine functions whose argument is φ 2 − φ 1 . For β = 1, the matrix elements v (β=1) s,t are real random numbers. Hence, timereversal symmetry is manifested through the symmetry under reflection of both angles, i.e., φ r → −φ r for both r = 1, 2. In the case β = 2, the matrix v (β=2) is complex Hermitian, and the matrix elements can be written as v
, with the random phases satisfying ν r,s = −ν s,r for Hermiticity. Therefore, the phases ν r,s for β = 2 can be included into the cosine functions, manifestly breaking the invariance under simultaneous reflections.
From Eqs. (4) and (5), the angle variables appear in the Hamiltonian H (β) k only through the combination φ 2 − φ 1 . In terms of the phase space geometry, this specific dependence corresponds to one single resonance, which implies the integrability of the classical Hamiltonian H (β)
k . More explicitly, we perform a canonical transformation to new action and angle variables using the generating function W = Kφ 1 + J(φ 2 − φ 1 ), and obtain I 1 = K − J, I 2 = J, χ = φ 1 , and ψ = φ 2 − φ 1 . Substituting these expressions in Eqs. (4) and (5), the transformed Hamiltonian depends only on the angle ψ. Since the angle χ does not appear in the transformed Hamiltonian, its canonically conjugated action K is a conserved quantity, K = I 1 + I 2 = n + 1, with n the number of bosons. Therefore, besides the conservation of the energy (the Hamiltonian is time independent), we have a second constant of motion, K. It is easy to show that the Poisson bracket between K and H (β) k is zero, thus implying that the Hamiltonian is (Liouville) integrable. For a fixed value of K, the reduced Hamiltonian H (β) k (J, K, ψ) is a time-independent one degree of freedom system with one parameter, which is always integrable. In the language of symplectic geometry, the reduced Hamiltonian H (β) k (J, K, ψ) is identical to its normal form. In these variables, the population imbalance, which is a relevant quantity in the BECs context, is given by z = (I 1 − I 2 )/(I 1 + I 2 ) = 1 − 2J/K.
We finish this discussion mentioning how to relate the action-angle variables of the reduced system (J and ψ) to the actual coordinates and momenta q r and p r , r = 1, 2, of the two single-particle modes. This is done by a lifting procedure [25] : Integration of the equations of motion of the reduced system yields J(t) and ψ(t). Undoing the canonical transformation gives all I r (t) and φ r (t). Then we use the harmonic expressions
which relate I r (t) and φ r (t) to local coordinates and momenta, and thus yield the usual representation of the motion of each mode.
B. Phase space structure in terms of k
The essential features of the classical dynamics can be easily visualized in Poincaré sections of the reduced Hamiltonian. Since the reduced Hamiltonian is a onedegree of freedom system, this representation corresponds to the level curves H (β) k (J, K, ψ) = const. Therefore, the motion of a given initial condition follows the closed curve that includes the initial conditions. The explicit appearance of the square-root factors in Eq. (5) makes the classical phase-space bounded, i.e., J ∈ [0, K] and ψ ∈ [−π, π], and therefore has the topology of a sphere. These properties are consistent with the interpretation of the two-mode Hamiltonian as a spin system.
The phase-space structure of the unperturbed part H 0 (β) k (J, K) is trivial since J remains constant. Therefore, in a (Mercator) representation using the ψ-J plane, the phase space appears foliated in horizontal straight lines for all k, each representing a different level curve. The perturbing term V (β) k (J, K, ψ) induces new structure due to the resonance; the argument of the cosine terms are k-dependent integer multiples of ψ. In Figs. 4 , we present the phase-space structure for various values of k for β = 1 and n = 100; further details of the transition are given in the movie [23] . While the system is integrable for all k and therefore the phase space is foliated by invariant tori, the complexity of such tori increases with k. Figure 4 was constructed choosing a specific (fixed) random matrix v (β) of dimension n + 1, which defines the case k = n. For k = n − 1, we have defined the corresponding k-body interaction by using the same matrix elements v (β) r,s for r, s ≤ k, setting the remaining matrix elements to zero. This procedure can be iterated to obtain the corresponding matrix v with any desired value of k.
For k = 1 [ Fig. 4a ], we have two harmonic-oscillator wells centered around the two stable fixed points of the system, namely, around ψ = 0 for small values of J and ψ = ±π at large values of J. The invariant curves associated to initial conditions around such wells are selfretracing under time-reversal, i.e., each one is mapped onto itself under the transformation ψ → −ψ. At intermediate values of J, the level curves are smooth deformations of the unperturbed invariant curves (straight lines), thus illustrating Kolmogorov-Arnold-Moser (KAM) theorem. These tori are all self-retracing under timereversal.
For k = 2 [ Fig. 4b ], the two harmonic fixed points (at the poles of the phase-space sphere) are still observed. Yet, at intermediate values of J, we notice two other fixed points close to ±π/2 and the associated KAM-tori surrounding them. These structures are non-self-retracing under time reversal. Consequently, those tori that satisfy the Einstein-Brillouin-Keller (EBK) quantization rule
where κ i is an integer and α i is the associated Maslov index [27] , yield two degenerate ladders of levels, each pair associated with a torus and its associated time-reversed partner; quantum effects lift the degeneracy and produce the splitting of the quasi-degenerate levels. These doublets are precisely Shnirelman doublets. In Fig. 4c , we present the case k = 4, which displays the appearance of new non-self-retracing wells which yield ladders of double degenerate levels. Note that there are also self-retracing tori. The ladders of levels associated with these may display accidental degeneracies with the levels of other ladders. These accidental degeneracies do not correspond to Shnirelman doublets since they may exist for the case of broken time-reversal invariance; this explains the level clustering observed for β = 2 (see Fig. 3 ).
Increasing further the value of k increases the complexity of phase space [23] . New self-retracing and nonself-retracing wells appear in phase space, leading to Shnirelman doublets and perhaps accidental degenerate levels, respectively [see Fig. 4d ]. Around k 20, the number of stable fixed points begins to increase more rapidly, namely, quadratically with respect to k. Increasing k seemingly leads to a clustering in the sub-tropical region around the equator (J ≈ K/2) of the majority of the stable fixed points (see Fig. 4f for k = 56). Eventually, around k ≈ 70, the stable fixed points begin to migrate to the polar regions of the phase-space sphere, with essentially all of them in that region for k ≥ 81 [see Figs. 4g and 4h] .
As illustrated in Figs. 4, the width of the spectrum is (J, K, ψ), while the other one displays the full spectrum in the same scale. Note the clear appearance of ladders of levels associated with certain organizing centers in phase space. As k is increased, the level curves spread over all the available phase space, while the width of the spectrum decreases. not constant with respect to k [22] . For small k, the width is of the order of the energy scale spanned by H Fig. 4h ], the width is proportional to n 1/2 [1] , while the full energy range is several orders of magnitude larger. Indeed, Eqs. (4) and (5) involve homogeneous polynomials of degree k on J and J spans the interval [0, n + 1], thus spanning a huge energy interval. In turn, violent oscillations are due to the angular dependence, which is linear on k. Note that for k = n [ Fig. 4h] , the level curves associated with the energies of the spectrum spread essentially over all the phase space in such a way that it is not possible to distinguish one from another anymore, independently of their position in the spectrum.
The growth rate of the number of stable fixed points is illustrated in a log-log plot in Fig. 5 . The plot displays an initial linear growth of the number of stable islands, which beyond k ≈ 20 becomes quadratic in k. This figure provides a solid base for the heuristic arguments of Ref. [16] . There, it was argued that an expected quadratic growth in k of the number of stable fixed points (now shown in Fig. 5 ) diminishes the available phasespace area around the center of the wells. This implies that the EBK states which originally were found around those wells, will now be defined on tori which are spread over more extended regions in phase space. Notice that this argument also shows that it is more difficult to have quantized states associated with non-self-retracing orbits for large values of k and thus explains that beyond certain k, the number of Shnirelman pairs diminishes fast and eventually vanishes.
V. SHNIRELMAN DOUBLETS AND THE STATISTICS OF THEIR SPLITTINGS
As shown above, for β = 1 Shnirelman doublets appear and correspond to the quantization of non-self-retracing periodic orbits, i.e., orbits which are not mapped onto their selves under time-reversal invariance (ψ → −ψ). Yet, these are not the only quasi-degenerate levels found since there are also accidental degeneracies involving two distinct self-retracing tori that just happen to have the same energy. Note that Shnirelman doublets disappear for β = 2, while the accidental degeneracies persist. Therefore, in order to distinguish the true Shnirelman doublets, we must consider the corresponding eigenfunctions, in a representation where the time-reversal invariance is appropriately manifested. For this purpose, we first analyze the structure of the eigenfunctions of the quasi-degenerate states using a plane-wave decomposition which is straightforward to interpret in semiclassical terms [25] . Once we have classified the quasidegeneracies, we address the question of the statistics of the Shnirelman splittings.
A. Plane-wave decomposition of the wave functions and time-reversal symmetry
The Hamiltonian Eq. (2) is conveniently expressed in the number occupation basis or Fock basis. For a given number of bosons n, we denote by |n 1 , n 2 the state having n 1 bosons in the first single-particle state and n 2 bosons in the second and n = n1 + n2. Upon diagonalization, the eigenfunctions of each realization of the ensemble are written as linear combinations of these basis states and have the form |Φ r = n1+n2=n c r n1,n2 |n 1 , n 2 . The idea now is to use a representation where the symmetry properties of the time-reversal invariance are manifested. To this end we recall that semiclassically the number states can be represented as plane waves on the configuration torus (defined by the angle variables), namely, |n i → exp(in i φ i )|φ 1 , φ 2 [25] . Hence, the eigenstates can be written as |Φ r = n1+n2=n c r n1,n2 exp[i(n 1 φ 1 + n 2 φ 2 )]|φ 1 , φ 2 . Since the total boson number is conserved, the associated dimensional reduction is implemented with the same canonical transformation described for the classical action-angle variables, which is a point transformation. Then, the eigenfunction of the rth excited state is written as
In Eq. (9), the factor exp(inχ) is a common phase factor for all eigenstates, which can therefore be ignored, implying that the wave functions are functions only of the angle ψ. Equation (9) defines the reduced representation of rth wave function. As discussed above, Shnirelman doublets are related to non-self-retracing tori (under the transformation ψ → −ψ) that sustain a state. The corresponding eigenfunctions Φ r (ψ) and Φ r ′ (ψ) appear as mixtures of wave functions localized around each symmetry-related torus. Therefore, we consider the linear combinations
In order to identify Shnirelman doublets we proceed as follows: First, we identify energy levels which lie very close together, which in practical terms means within the first few bins of the nearest-neighbor distribution measured in units of the mean-level spacing. One would naively think that Shnirelman doublets appear as consecutive levels; yet, accidental degeneracies due to other tori may have energies in between those of the doublets. This happens rather frequently for k/n 0.2, where the number of stable fixed points grows quadratically on k. Therefore, we must check not only degeneracy with respect to the nearest level, but within a wider range. Then, for each candidate r of a Shnirelman doublet, we consider a second level r ′ and construct the linear combinations given by Eqs. (10) This method is illustrated in Fig. 6 . In Fig. 6(a) , we plot the classical phase-space representation of the non-self-retracing tori corresponding to two pairs of Shnirelman doublets belonging to the same ladder. Figures 6 (b)-6(d) display the reduced representation of the modulus square of some linear combinations involving these states. Figure 6 (b) displays one of the states corresponding to the tori A. In Fig. 6(c) , we present the linear combinations (10) and (11) involving the states A and A ′ ; the resulting states are localized on either side of the ψ = 0 line, from where it is clear that these states are related by time reversal invariance. Finally, in Fig. 4(d) , we display the linear combinations involving two states A and B which belong to the same ladder but are not related by time-reversal invariance.
B. Statistical properties of Shnirelman splittings
We are interested in the spectral statistics of the spacings of the energies E j and E j ′ of Shnirelman doublets, i.e., the Shnirelman splittings, each one defines a characteristic tunneling time given by T ≈ /∆E j . Let E j and E j ′ be the energies of a Shnirelman doublet of a specific realization obtained by diagonalization. We define
whereξ ′ is the mean value of ξ ′ j taken over the corresponding realization. Therefore, the quantity ξ is a measure of the splitting E j and E j ′ in units of the energy of the doublet, averaged over the splittings of the corresponding realization of the ensemble. The average is performed in order to compare the splittings of different realizations of the ensemble; hence,ξ = 1. Then, ξ is a kind of unfolded spacings of the Shnirelman doublets.
In Fig. 7 , we present the distribution of the spacings of Shnirelman doublets P k (ξ) for various values of k. These results were obtained for n = 2000 and 1000 realizations of the ensemble. For k = 2, this distribution displays a large narrow peak close to ξ = 1.3x10 −9 which is not symmetric. The peak decays very fast, acquiring a somewhat constant tail toward larger values of ξ; this tail vanishes after ξ = 100. That is, while most doublets have a very small spacing in the normalized units used here, the doublets close to the edge of the ladder have larger spacings. For k = 3, similar results hold; yet, it is worth noticing that the distribution becomes somewhat wider with respect to the result for k = 2. As k increases further, the behavior of P k (ξ) becomes more complex, with a gradual appearance of a second peak [close to ξ = 1 in Fig. 7c ].
For a larger value of k around k ≈ 750 [see Fig. 7d ], both peaks have a similar amplitude; beyond this value of k, the left peak diminishes smoothly, eventually vanishing, yielding again a single peak distribution, this time for values centered around ξ ≈ 1.
The transition in P k (ξ) described above can be understood as follows. For small values or moderate values of k, the unimodal distribution reflects the existence of one or more ladders of Shnirelman doublets. Each ladder has a number of doublets, the spacing with in each doublet becoming larger (smaller tunneling times) as we climb up the ladder. Imposingξ = 1 yields the long tail observed in the distribution. By increasing the value of k, the distribution P k (ξ) becomes bimodal, displaying a second peak centered around ξ = 1. That is, the doublets have either a very small splitting or splittings of order 1. As mentioned above, larger splittings are attributed to the last doublets of a ladder around a stable fixed point. In order to have a significant number of them without increasing the number of small splittings, we conclude that their ladder must consist of very few (one or two) Shnirelman doublets. This idea is consistent with the fact that, for large value of k, only a single doublet is observed around the stable fixed points where the quantization condition Eq. (8) holds. Note that the latter case implies again a unimodal distribution P k (ξ), this time the peak being centered around 1, as it is observed numerically.
VI. SUMMARY AND CONCLUSIONS
In this paper, we have investigated the nearestneighbor spacing distribution of the k-body embedded ensembles for bosons distributed in two levels for β = 1 and β = 2. For β = 1, we found a large peak at s = 0 in a large interval of k which indicates the presence of degeneracies. This peak is quite robust in terms of k, disappearing only when k is very close to n, the total number of bosons. For β = 2, the peak is absent, despite of the fact that there are accidental quasi-degeneracies which yield small spacings; hence, the large peak is a consequence of the time-reversal invariance of the ensemble. We showed that this peak is associated with Shnirelman doublets, which semiclassically correspond to the quantization of tori that are non-self-retracing under timereversal. These results provide further evidence on the integrability of the ensemble [15] based now on the spectral properties of the ensemble and therefore explain the non-ergodic properties of the ensemble [22] . The fact that Shnirelman doublets are not observed for k very close to n, where GOE spectral statistics hold, is due to the fact that the non-self-retracing tori which would yield such doublets have a extremely small action, as shown in the phase-space representation of this case.
We also found for β = 1 that the number of Shnirelman quasi-degeneracies displays a dependence upon k (cf. Fig. 3) . Moreover, the statistics of the normalized splittings do display also a dependence on k; in particular, for k = 2 and k = 3 which are the physically relevant cases, we observe certain qualitative differences. We believe that these results may be interesting for understanding and modeling three-body interactions in Bose-Einstein condensates.
Indeed, the existence of Shnirelman doublets opens the possibility of producing or observing other type of Josephson-like oscillations in two-mode Bose-Einstein condensates which may not be centered around zero population imbalance [see, e.g., Figs. 4(a) and 4(b)]. To clarify this, we must emphasize that the degenerate states present in two-mode Bose-Einstein condensates [14] are not Shnirelman doublets; the degeneracies are due to the fact that the potential wells are indistinguishable, i.e., they are associated with the quantization of two tori related by the symmetry J → n+1−J. Therefore, in order to produce Shnirelman doublets, we must have the possibility of tuning all two-body interaction matrix elements at will, which may require considering also two species condensates. Once this is done, the statistical properties of Shnirelman doublets could be used to characterize the role of interactions beyond k = 2. This will be the subject of a future work.
